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Abstract

This paper describes a non-linear model for the body of an
acoustic guitar. The body is modeled using a linear model for
the principal modes, and a static, saturating non-linearity,
determined using a sequence of impulses of growing ampli-
tude.

1 Intr oduction

The guitar body actsas an acousticamplifier for the vi-
brationsof the strings. It ensureghatenoughenenpy is re-
flectedto the stringsto sustainthe note and that a note of
significantvolumeis audibleto the listeners.The shapeand
materialsusedare determiningfactorsof the timbre andthe
spatial soundradiation patternof the instrument. A guitar
bodyis a comple< structureconsistingof thin, moreor less
flexible plates,bracingsandanenclosedir cavity. Thefre-
gueng responsef aguitarbodyshovs mary resonanceand
anti-resonancedvhenmechanicallydrivenatthebridge,the
lowestresonancas usually a bar bendingmode, but at too
low a frequeng to be excited by the vibration of real strings
(Fletcherand Rossing1991). Most guitarshave threestring
resonances the 100-200Hz rangedueto couplingbetween
the fundamentaimodesof the top and back plates,and the
Helmholtzmodeof the air cavity. At the lowestof thethree
resonanceghe top andbackplatesmove in oppositedirec-
tions. The guitar top vibratesin mary modes;thoseof low
frequeng bearconsiderableesemblancéo thoseof a rect-
angularplate when no bracingsare present. The bracings
arenecessaryo addmechanicatigidity to thetop plate,and
have a strongimpacton the vibrationmodesof thetop plate.
The higher air cavity modesresemblestandingwavesin a
rectangularbox. Disregardingthe ribs and the back plate,
the top-plateand air cavity canbe modeledastwo coupled
oscillators. Adding the back plate yields a three-oscillator
model. In mostguitars,the additionof the backresultsin a
downward shift of the two primary resonance§Christensen
1982), (Meyer 1974), (Rossing,Popp, and Polstein1985).
Thehighertwo resonancesasuallyoccuraround200Hz, de-
pendinguponthestiffnessof thethetop andbackplates.The
motion of the air andthe top plateis in the samedirection,

thusresultingin strongsoundradiation. The resonancesf
thetop plate,backplate,andair cavity generallycombineto
give atleastonestrongresonanc@round300Hz in a classi-
cal guitar, but closerto 400Hz in a cross-bracedblk guitar.
Above 400 Hz, the couplingbetweertop andbackplate ap-
pearsto berelatively weak,andthe obsenedresonanceare
dueto resonancem oneof the plates.Thereis a definitelink
betweenthe subjectie quality of a guitar andits frequengy
respons€éMeyer 1983).

Guitar body modelsplay an importantrole in physical
modelingsoundsynthesisgitherasan equalizatiorfilter or
asanintegral partof themodel(Nackaertetal. 2001). Most
studiesfocusonlinearmodelingtechniquesastheseareable
to modelthemajorpartof thebodyresponseTherearehow-
ever indicationsthata guitarbodyis not entirelylinear. This
is bacledby subjectve descriptionsy guitarbuilderson the
influenceof thewoodused.

2 Linear models

Linear body modelshave beenwell studiedin the past.
For suficiently smallinput signals,the body of a guitaris a
linear systemandcanbe modeledusingall the corventional
linear modelingmethods. The impulseresponsef a guitar
body excited at the bridge shavs a large numberof poles.
It hasbeenshownn that more than 300 polesare neededto
obtaina modelthatis indistinguishablérom the original by
thelistener(PenttinenKarjalainen,Paatero,andJarvelainen
2001).

2.1 FIR andIIR+FIR models

The easiesivay of modelingthe guitar body is by using
the completeimpulseresponsef the body asan FIR filter.
The basisfunctionsusedin FIR filters are the orthonormal
functionsz—*. A FIR modelof asystemG(z) € H, (H, de-
noting the spaceof stable,strictly-propertransferfunctions)
consistsof a finite numberof expansiontermsandtakeson
theform
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whereg(k) areimpulseresponsecoeficients. If the decay
rateof the signalis low comparedo the samplingrate,very
high orderFIR filters areneeded.The computationatostis
quite high, especiallywhenusinga sample-orientednethod.
Whenblock-processings used,severalfast-cowolution fre-
gueny domaintechniquesanbe usedto speedup the com-
putation. Thelong FIR size of severaltensof thousandof
sampless the main bottleneckof using this methodin the
fully coupledmodel,asthismodeldoesnoteasilyallow block
processingThesizeof the FIR filter canbe significantlyre-
ducedby using IR resonatordo model the first few body
resonancegndusingthe FIR filter only for the residualsig-
nal. Thedesignof thellR filterbankis straightforward. The
peakfrequeng is bestfound in the frequeng domain, by
guadraticinterpolationof the peakin the spectrum. In this
casethe dampingis quite high, sothe peaksarewider, mak-
ing the manualdeterminatiorof the 3dB bandwidtha possi-
bility. Methodsusingthe ShortTime Fourier Transformare
lessinteresting exactly becaus®f the higherdampingmak-
ing thesignalstoo shortin time for anaccurateneasurement
of the exponentialslope. A betterapproachin this caseis to
usean optimizationtechniqueo minimizethe costfunction
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where S is the spectrumof the body impulse responseX
the responsef the lIR filter, and W a windowing function
aroundthe peak. The residualsignalis calculatedby either
atime-domainsubtractiorof the outputof the lIR resonatar
or by filtering the body impulseresponsevith a notchfilter.
The procedurds thenrepeatedor the othermodesuntil the
residualsignalis shortenoughto beusedasa FIR filter.

In generaltheguitarbodyis alineartime invariantmodel,
andcould be describedusingthe standard_TI modelstruc-
tures.Thecompletemodelstructureis givenby

C(z)

B(2) .
D)™

A(z)yr = ug + 3)

wheree;, is Gaussianwhite noise.We assumehattherecord-

ing of the body impulseonly addswhite noiseto the output

andobtainthe outputerror (OE) modelstructure
B(z)
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Aswasdeterminedefore theorderof B(z)/F(z) is approx-
imately 350. Themodelparametersanbe foundwith either
predictionerrormethodsor correlationmethods.

Predictionerror methodsare basedon the minimization
of the predictionerrorsequenceéy

(5)
with G(z,0) = B(z)/F(z). Thisis achieved by optimizing

ér = yr — G(2,0)ug,

the parametewrectol with asa costfunction
(6)

Whereé}: (9) is the error sequencefiltered to stressa certain
partof the spectrum.Thefrequeny domaininterpretatiorof
the predictionerror methodshaws thatthis is just a general-
izationof the costfunction (2) or
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with G (2) therealtransferfunction,G(z, #) themodel,U (w)
the spectrumof the input, and L(z) the filter usedto filter
thepredictionerror. For our purposesinsteadof determining
onehigh-ordemodel,we calculatea setof low-ordermodels.
Eachlow ordermodelis obtainedby band-passiltering the
predictionerror aroundthe previously selectedpeaksin the
spectrum.If theinputis atrueimpulse,this methodsimpli-
fiesto equation(2). Whencalculatinga secondordermodel
for eachsubbandwe obtain
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with NV thetotal numberof bandsconsideredThis procedure
resultsin a parallelsetof IIR filters.

The practicaldeterminatiorusingthesecorventionalsys-
temidentificationmethodsequirelong, persistenexcitation
signals. Therefore a syntheticoutputis generatedy filter-
ing white noisewith the completeimpulseresponselataas
FIR coeficients. The resultinglonger input-outputsignals
areusedduringidentification.

2.2 Kautz filters

Kautzfilters (Kautz 1954),(Wahlbeg 1991b),(Wahlbeg
1991a),(Hoog2001)arefixed-polelIR filters structurallyor-
ganizedo produceorthonormatap-outpuimpulseresponses.
Thetrans\ersalKautzfilter canbe seenasageneralizatiorof
FIR and Laguerrefilter structuresproviding 1IR-lik e para-
metricmodelingcombinedwith the superiomumericalprop-
ertiesof FIR filters (Paateroand Karjalainen2001), (Pentti-
nenetal. 2001).

Taking into accountthe high FIR filter orderneededor
accuratamodeling,onecoulduseadifferentorthonormaba-
sisof H,. Let thefunctions Fj,(z) with ¥ € N denotethe
basiselement®f suchagenerabasis.Thenthetransferfunc-
tion G(z) € H, canbeexpandedhs
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Theaimis to choosethe basis{ F}; (z) } rez suchthatthe ex-
pansioncoeficientsc;, rapidly corvergeto zero. A straight-
forward approachto this problemis to ortho-normalizethe
setof functions

1
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fii(z) =
wherethe polesa; canin principle be ary complex number
with modulussmallerthanone,andi € N1 < j < m;. Ap-
plying a Gram-Schmidtprocedureto the sequencef func-
tions f; ;(z) yields the orthonormalfunctions. If the func-
tions are constrainedo be real-rationalfunctions, one gets
the Kautz constructionequations. A structurebasedon the
Kautz basisfunctionsthatis well-suitedfor implementation
asatrans\ersal-likefilter is
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For anefficientmodel,agoodsetof polesshouldbeselected.
The determinatiorof the polesis however not a trivial prob-
lem, andseveral designprocedureganbe foundin the liter-
ature(Brinker, Bendersande Silva 1996). Thelowest-order
modelsareobtainedvhenthebasisfunctionpolescorrespond
to the systempoles. In the caseof a guitar body model,we
know the dominantpoles,and canusetheseasthe polesto
build the Kautzfunctions.

3 Non-linear models

The body of a guitaris only linear for small excitations.
For largeramplitudesthe woodentop platetendsto saturate
the outputdueto its limited flexibility andbracings.The ef-
fectcanbemeasuredisingseriesof impulseswith increasing
amplitude.

WienerHammersteisystemonsisiof two linearblocks
anda staticnon-linearity shovn in figure 1. We assumethat
in the caseof a guitar bodytheinputis saturatedyielding a
Wienersystem.The outputof the WienerHammersteins
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Thestaticnon-linearityis describedy apolynomialfunction

Figurel: A completeWienerHammersteirsystemwith two
linearblocksanda staticnon-linearity
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Thetraditionalnon-linearsystemnidentificationtechnique®f-
ten requirespecificinput, like a multi-sine excitation. This
requiresspecializedequipment. Assumingthat the body is
linear for small excitations,the linear part canbe estimated
for low-amplitudeinput. If the systemis purely linear, am-
plification of alow-amplitudeimpulseresponsevill approxi-
matelyyield the high-amplituddmpulseresponseThe static
non-linearitywill however distortthe signal. The difference
betweenthe expectedlinear outputandthe recordedoutput
for high-amplitudeexcitation can be exploited to determine
thenon-linearity

The coeficientsof thenon-linearfunctiong(x) areeasily
determinedasthe solutionof

Ab=C, (15)

whereb is the vectorof the coeficientsby—=;..n, andC the
large-eccitationsignal,andwith the matrix A
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constructedisingtheamplifiedsmall-excitationimpulse.Solv-
ing the systemin the least-squaresenseyields the coefi-
cients.

A fairly similar methodconsistsof first building a static
input-outputrelationship First, two sequencesf impulsesof
the sameamplitudearerecordedandthe expectedresponses
are calculated. The expectedvaluesare thenplacedin am-
plitude bins, andthe input-outputrelationis determinedor
matchingbins. A polynomialapproximatiorcanthenbefound.
This secondmethodyields approximatelythe sameresults,
andallowstheweightingof measurementgndanestimation
of theerror. Themethodshave beenvalidatedusingsynthetic
datasets.

Using this method,the behaior of sereral guitarsbod-
ies hasbeenanalyzed. It appearghat someguitarsexhibit
a higher distortion/compressioat higher amplitudes. Fig-
ure 3 shows a polynomialapproximatiorof the non-linearity
of a Taylor 514CE steelstring guitar  The dots on the fig-
ure indicatethe input-outputrelation betweenthe amplified
low-amplitudeimpulseresponseandthe high-amplitudem-
pulseresponse Eachdot on the figure representshousands
of sampledfor the lower amplitudesto abouthundredsam-
plesathighamplitude.We obsene a saturatiorcharacteristic
athigheramplitudes.
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Figure2: Therecordedseriesof impulseswith groving am-
plitude.
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Figure3: This figure shows the staticnon-linearityaddedto

thebodymodel. Thedashedine shavs a linearinput-output
relation. The dotsrepresenthe measurednput-outputrela-
tionsfor agivenamplitude andthesolid line is a polynomial
fit. The compressioreffect is visible for the negative input
values. This meansthat above a specificplaying level, the
outputamplitudewill only slightly increaseandthe sound
will be distorted. This effect dependson the type of wood

usedandis well known by guitarplayers.

4 Conclusion

The body of a guitar canbe modeledusinglinear tech-
niguescombinedwith a staticnon-linearity The parameters
of the resulting Wiener systemwere identified using a se-
quenceof impulses By assuminghatthesystemis linearfor
small excitations,the input-outputrelation of the staticnon-
linearity canbe build, usingeitherthe solutionof anoverde-
terminedsystem,or by usinga statisticalmethod. Measure-
mentof the behaior of differentguitarshasshovn thatthere
is aslight compressiomt higheramplitudes.
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