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Abstract

This paper describes a non-linear model for the body of an
acoustic guitar. The body is modeled using a linear model for
the principal modes, and a static, saturating non-linearity,
determined using a sequence of impulses of growing ampli-
tude.

1 Intr oduction

The guitar body actsasan acousticamplifier for the vi-
brationsof the strings. It ensuresthat enoughenergy is re-
flectedto the stringsto sustainthe note and that a note of
significantvolumeis audibleto the listeners.Theshapeand
materialsusedaredeterminingfactorsof the timbre andthe
spatialsoundradiationpatternof the instrument. A guitar
body is a complex structureconsistingof thin, moreor less
flexible plates,bracings,andanenclosedair cavity. Thefre-
quency responseof aguitarbodyshowsmany resonancesand
anti-resonances.Whenmechanicallydrivenat thebridge,the
lowest resonanceis usually a bar bendingmode,but at too
low a frequency to beexcitedby thevibrationof realstrings
(FletcherandRossing1991). Most guitarshave threestring
resonancesin the100-200Hz rangedueto couplingbetween
the fundamentalmodesof the top andback plates,and the
Helmholtzmodeof theair cavity. At the lowestof the three
resonances,the top andbackplatesmove in oppositedirec-
tions. The guitar top vibratesin many modes;thoseof low
frequency bearconsiderableresemblanceto thoseof a rect-
angularplate when no bracingsare present. The bracings
arenecessaryto addmechanicalrigidity to thetop plate,and
have a strongimpacton thevibrationmodesof thetop plate.
The higher air cavity modesresemblestandingwaves in a
rectangularbox. Disregardingthe ribs and the back plate,
the top-plateandair cavity canbe modeledas two coupled
oscillators. Adding the back plate yields a three-oscillator
model. In mostguitars,the additionof the backresultsin a
downward shift of the two primary resonances(Christensen
1982), (Meyer 1974), (Rossing,Popp,and Polstein1985).
Thehighertwo resonancesusuallyoccuraround200Hz, de-
pendinguponthestiffnessof thethetopandbackplates.The
motion of the air andthe top plate is in the samedirection,

thusresultingin strongsoundradiation. The resonancesof
thetop plate,backplate,andair cavity generallycombineto
give at leastonestrongresonancearound300Hz in a classi-
cal guitar, but closerto 400Hz in a cross-bracedfolk guitar.
Above 400Hz, thecouplingbetweentop andbackplateap-
pearsto berelatively weak,andtheobservedresonancesare
dueto resonancesin oneof theplates.Thereis adefinitelink
betweenthe subjective quality of a guitar and its frequency
response(Meyer1983).

Guitar body modelsplay an important role in physical
modelingsoundsynthesis,eitherasan equalizationfilter or
asanintegralpartof themodel(Nackaertsetal. 2001).Most
studiesfocuson linearmodelingtechniques,astheseareable
to modelthemajorpartof thebodyresponse.Therearehow-
ever indicationsthata guitarbodyis not entirely linear. This
is backedby subjectivedescriptionsby guitarbuilderson the
influenceof thewoodused.

2 Linear models

Linear body modelshave beenwell studiedin the past.
For sufficiently small input signals,thebodyof a guitar is a
linearsystem,andcanbemodeledusingall theconventional
linear modelingmethods.The impulseresponseof a guitar
body excited at the bridge shows a large numberof poles.
It hasbeenshown that more than 300 polesare neededto
obtaina modelthat is indistinguishablefrom theoriginal by
the listener(Penttinen,Karjalainen,Paatero,andJärveläinen
2001).

2.1 FIR and IIR+FIR models

The easiestway of modelingthe guitarbody is by using
the completeimpulseresponseof the body asan FIR filter.
The basisfunctionsusedin FIR filters are the orthonormal
functions����� . A FIR modelof asystem

��� �	��

��� ( ��� de-
noting the spaceof stable,strictly-propertransferfunctions)
consistsof a finite numberof expansiontermsandtakeson
theform ���� �	��� �������	� ��� ��� ����� (1)



where � � � � are impulseresponsecoefficients. If the decay
rateof thesignalis low comparedto thesamplingrate,very
high orderFIR filters areneeded.Thecomputationalcostis
quitehigh, especiallywhenusinga sample-orientedmethod.
Whenblock-processingis used,several fast-convolution fre-
quency domaintechniquescanbeusedto speedup thecom-
putation. The long FIR sizeof several tensof thousandsof
samplesis the main bottleneckof using this methodin the
fully coupledmodel,asthismodeldoesnoteasilyallow block
processing.Thesizeof theFIR filter canbesignificantlyre-
ducedby using IIR resonatorsto model the first few body
resonances,andusingtheFIR filter only for theresidualsig-
nal. Thedesignof theIIR filterbankis straightforward. The
peakfrequency is best found in the frequency domain, by
quadraticinterpolationof the peakin the spectrum. In this
case,thedampingis quitehigh,sothepeaksarewider, mak-
ing themanualdeterminationof the3dB bandwidtha possi-
bility. Methodsusingthe ShortTime Fourier Transformare
lessinteresting,exactlybecauseof thehigherdamping,mak-
ing thesignalstoo shortin time for anaccuratemeasurement
of theexponentialslope.A betterapproachin this caseis to
useanoptimizationtechniqueto minimizethecostfunction! � � " �$#&%('

peak
� � � (2)

where
#

is the spectrumof the body impulseresponse,
'

the responseof the IIR filter, and
"

a windowing function
aroundthe peak. The residualsignal is calculatedby either
a time-domainsubtractionof theoutputof theIIR resonator,
or by filtering thebody impulseresponsewith a notchfilter.
Theprocedureis thenrepeatedfor theothermodes,until the
residualsignalis shortenoughto beusedasa FIR filter.

In general,theguitarbodyis alineartimeinvariantmodel,
andcould be describedusingthe standardLTI modelstruc-
tures.Thecompletemodelstructureis givenby) � ���+* � �-, � �	�. � ���0/ �21-3 � �	�4 � ���05 � � (3)

where5 � is Gaussianwhitenoise.Weassumethattherecord-
ing of the body impulseonly addswhite noiseto the output
andobtaintheoutputerror(OE) modelstructure* � �6, � ���. � ��� / � 1 5 �	7 (4)

As wasdeterminedbefore,theorderof , � �	�98 . � ��� is approx-
imately350. Themodelparameterscanbefoundwith either
predictionerrormethodsor correlationmethods.

Predictionerror methodsarebasedon the minimization
of thepredictionerrorsequence

�5 ��5 � �:* � %;��� � ��< � / � � (5)

with
��� � �9< �=� , � �	�98 . � ��� . This is achievedby optimizing

theparametervector< with asa costfunction> � < �?�A@B �����C� @D � �5FE� � < ��� � � (6)

where

�5GE� � < � is theerrorsequence,filteredto stressa certain
partof thespectrum.Thefrequency domaininterpretationof
thepredictionerrormethodshows that this is just a general-
izationof thecostfunction(2) or> � < �H�JILK� K @DNM �PO�� 5RQ�S � %;��� 5TQ�S ��< � M � M U � 5TQ�S � M � M V �$W � M �YX W �

(7)
with

� O � ��� therealtransferfunction,
��� � ��< � themodel, V �ZW �

the spectrumof the input, and U � ��� the filter usedto filter
thepredictionerror. For ourpurposes,insteadof determining
onehigh-ordermodel,wecalculateasetof low-ordermodels.
Eachlow ordermodel is obtainedby band-passfiltering the
predictionerror aroundthe previously selectedpeaksin the
spectrum.If the input is a true impulse,this methodsimpli-
fies to equation(2). Whencalculatinga secondordermodel
for eachsubband,weobtain* � � �� [ �C�]\ O 1 \ � ���^� 1 \ � �_� �` O 1 ` � � �^� 1 `	�T� � � / �a1 5 � � (8)

with
B

thetotalnumberof bandsconsidered.Thisprocedure
resultsin aparallelsetof IIR filters.

Thepracticaldeterminationusingtheseconventionalsys-
temidentificationmethodsrequirelong,persistentexcitation
signals. Therefore,a syntheticoutput is generatedby filter-
ing white noisewith the completeimpulseresponsedataas
FIR coefficients. The resulting longer input-outputsignals
areusedduringidentification.

2.2 Kautz filters

Kautzfilters (Kautz1954),(Wahlberg 1991b),(Wahlberg
1991a),(Hoog2001)arefixed-poleIIR filtersstructurallyor-
ganizedtoproduceorthonormaltap-outputimpulseresponses.
ThetransversalKautzfilter canbeseenasageneralizationof
FIR and Laguerrefilter structures,providing IIR-lik e para-
metricmodelingcombinedwith thesuperiornumericalprop-
ertiesof FIR filters (PaateroandKarjalainen2001),(Pentti-
nenetal. 2001).

Taking into accountthe high FIR filter orderneededfor
accuratemodeling,onecoulduseadifferentorthonormalba-
sis of �b� . Let the functions

. � � �	� with
� 
dc denotethe

basiselementsof suchageneralbasis.Thenthetransferfunc-
tion

��� �	��
]�b� canbeexpandedas��� �	�H�fe�������g � . � � ��� � (9)



Theaim is to choosethebasis h . � � �	�ji �lknm suchthat theex-
pansioncoefficients g � rapidly convergeto zero. A straight-
forward approachto this problemis to ortho-normalizethe
setof functions o [qp Q � �	�N� @� � % ` [ � Q � (10)

wherethe poles ` [
canin principle be any complex number

with modulussmallerthanone,and r 
sc � @ut&vutxw [
. Ap-

plying a Gram-Schmidtprocedureto the sequenceof func-
tions

o [$p Q � ��� yields the orthonormalfunctions. If the func-
tions are constrainedto be real-rationalfunctions,onegets
the Kautz constructionequations.A structurebasedon the
Kautz basisfunctionsthat is well-suitedfor implementation
asa transversal-likefilter isy � � �	�N�z` � �|{ @ % M } � M �@ % } [ � �~[ � O @ %��} [ �� % } [ 7 (11)

For anefficientmodel,agoodsetof polesshouldbeselected.
Thedeterminationof thepolesis however not a trivial prob-
lem, andseveraldesignprocedurescanbefoundin the liter-
ature(Brinker, Benders,ande Silva 1996).Thelowest-order
modelsareobtainedwhenthebasisfunctionpolescorrespond
to the systempoles. In the caseof a guitar body model,we
know the dominantpoles,andcanusetheseasthe polesto
build theKautzfunctions.

3 Non-linear models

The body of a guitar is only linear for small excitations.
For largeramplitudes,thewoodentop platetendsto saturate
theoutputdueto its limited flexibility andbracings.Theef-
fectcanbemeasuredusingseriesof impulseswith increasing
amplitude.

Wiener-Hammersteinsystemsconsistof two linearblocks
anda staticnon-linearity, shown in figure1. We assumethat
in thecaseof a guitarbody the input is saturated,yielding a
Wienersystem.Theoutputof theWiener-Hammersteinis� � �q� ��� � � � � �q� ��� � (12)V � � ��� � � ��� ��� � � � � � (13)

Thestaticnon-linearityisdescribedbyapolynomialfunction

H1 H2

x2x1
g(x)

Figure1: A completeWiener-Hammersteinsystemwith two
linearblocksanda staticnon-linearity.

� � �|�N� �����C� \ � � � 7 (14)

Thetraditionalnon-linearsystemidentificationtechniquesof-
ten requirespecificinput, like a multi-sineexcitation. This
requiresspecializedequipment. Assumingthat the body is
linear for small excitations,the linear part canbe estimated
for low-amplitudeinput. If the systemis purely linear, am-
plificationof a low-amplitudeimpulseresponsewill approxi-
matelyyield thehigh-amplitudeimpulseresponse.Thestatic
non-linearitywill however distort the signal. The difference
betweenthe expectedlinear outputandthe recordedoutput
for high-amplitudeexcitation canbe exploited to determine
thenon-linearity.

Thecoefficientsof thenon-linearfunction � � ��� areeasily
determinedasthesolutionof� \ � 3 � (15)

where \ is the vectorof the coefficients \ �����j����� � , and 3 the
large-excitationsignal,andwith thematrix

)
� ������� @

� � � � � 7T7T7 � � �@ ����� �� � ��
...

...@ � Q � �Q 7T7T7 � �Q
������ � (16)

constructedusingtheamplifiedsmall-excitationimpulse.Solv-
ing the systemin the least-squaressenseyields the coeffi-
cients.

A fairly similar methodconsistsof first building a static
input-outputrelationship.First, two sequencesof impulsesof
thesameamplitudearerecordedandtheexpectedresponses
arecalculated.The expectedvaluesare thenplacedin am-
plitude bins, andthe input-outputrelation is determinedfor
matchingbins.A polynomialapproximationcanthenbefound.
This secondmethodyields approximatelythe sameresults,
andallowstheweightingof measurements,andanestimation
of theerror. Themethodshavebeenvalidatedusingsynthetic
datasets.

Using this method,the behavior of several guitarsbod-
ies hasbeenanalyzed. It appearsthat someguitarsexhibit
a higher distortion/compressionat higher amplitudes. Fig-
ure3 showsa polynomialapproximationof thenon-linearity
of a Taylor 514CEsteelstring guitar. The dots on the fig-
ure indicatethe input-outputrelationbetweenthe amplified
low-amplitudeimpulseresponse,andthehigh-amplitudeim-
pulseresponse.Eachdot on the figure representsthousands
of samplesfor the lower amplitudesto abouthundredsam-
plesathighamplitude.Weobserveasaturationcharacteristic
at higheramplitudes.
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Figure2: Therecordedseriesof impulseswith growing am-
plitude.
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Figure3: This figureshows thestaticnon-linearityaddedto
thebodymodel.Thedashedline showsa linearinput-output
relation. The dotsrepresentthe measuredinput-outputrela-
tionsfor agivenamplitude,andthesolid line is apolynomial
fit. The compressioneffect is visible for the negative input
values. This meansthat above a specificplaying level, the
outputamplitudewill only slightly increase,and the sound
will be distorted. This effect dependson the type of wood
usedandis well known by guitarplayers.

4 Conclusion

The body of a guitar canbe modeledusing linear tech-
niquescombinedwith a staticnon-linearity. Theparameters
of the resultingWiener systemwere identified using a se-
quenceof impulses.By assumingthatthesystemis linearfor
small excitations,the input-outputrelationof thestaticnon-
linearity canbebuild, usingeitherthesolutionof anoverde-
terminedsystem,or by usinga statisticalmethod.Measure-
mentof thebehavior of differentguitarshasshown thatthere
is a slight compressionat higheramplitudes.
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